Definition 3 If x ∈F for every F ∈ F , we call x a cluster point or an accumulation point of F .
Proposition 4 Any collection of sets F satisfying the finite intersection property (fip) is contained in an ultrafilter U .
Proof: Partially order by inclusion the set of all collections satisfying fip which contain F . Then each chain has its union as an upper bound, so (by Zorn's Lemma) there exists a maximal element U . We claim that U is a filter, hence an ultrafilter as it is maximal. Indeed, the first and third properties of a filter are true by definition, so we need consider only the second. But this follows from maximality.
Proposition 5 A filter U is maximal if and only if every set A that intersects every member of U (nonemptily) belongs to U .
The proof is left as an exercise. (Hint: use maximality each way.)
Conversely, if x is a cluster point of an ultrafilter U , then it follows from Definition 3 that each neighborhood N of x intersects (nonemptily) every member of U . By the previous proposition, N ∈ U . Therefore N x ⊆ U and U → x.
As in analysis, it is often more convenient to work with inequalities than with equations. 
Then B is not a filter but is a filterbase of a filter F . Show that neither B nor F converge.
Ex Let p, q ∈ E 2 be distinct points and define F to be the set of all subsets of E 2 which contain both p and q. Show that F is a filter, p and q are cluster points of F , but F does not converge. 
Nets
Definition 1 A directed set is a set D with a relation ≤ on it satisfying 1. ≤ is reflexive; 2. ≤ is transitive; 3. ≤ is directed: for all a, b ∈ D there exists c ∈ D such that a ≤ c and b ≤ c. Definition 2 A net in a set X is a map λ : D → X. If X is a topological space,
we say that the net λ converges to x ∈ X and write λ → x if and only if for every neighborhood
show that the subnet λ = λ| D neither converges to (0, 0) nor has it as a cluster point.
Thus something more may be required of a subnet. But not all sequential properties carry over even so.
Ex Let D be the directed set of all countable ordinals with the usual ordering. For each d ∈ D there is a unique sequence
/n for the unique n just determined. Show that 0 is a cluster point of λ, but that no cofinal subnet converges to 0.
This example shows that a more sophisticated notion of subnet is required, roughly something more than just cofinality. See [1, p. 70] for the general definition, and p. 77 for another counterexample due to R. Arens.
Convergence
It turns out that the concepts of convergence defined using nets and filters are equivalent. We shall now establish this rigorously.
Let F be a filter and let D be a set that is bijective with F . We shall call D an index set for F and denote the bijective correspondance by subscript labeling:
Ex Show that D becomes a directed set when partially ordered by con-
In this case we speak of an indexed filter.
Definition 1 Let F be an indexed filter in X with index set D. Any net
λ : D → X with λ(d) ∈ F d is called a derived net of F .
Definition 2 Let λ be a net in X with directed set D. Then
Ex Verify that this F is indeed a filter. 
Conversely, if F → x then there exists some neighborhood N of x such that
Then λ is a derived net of F , and does not converge to x. Conversely, if the derived filter F → x then each neighborhood N of x belongs to F , so λ is eventually in N . Therefore λ → x.
Finally, we show that closure in any topological space is completely determined by convergence of nets or filters. X and a subset A of X, a point x is  inĀ if and only if there is a net (equivalently, a filter) in A converging to x.
Theorem 5 Given a topological space
Proof: By the two preceding results, it suffices to consider nets. Considering V = X −Ā, it will suffice to prove that V is open if and only if no limit of a convergent net λ in X − V =Ā lies in V .
If V is open, then V is a neighborhood of each x ∈ V . Thus no tail of λ is contained in V , so λ cannot converge to any x ∈ V .
Conversely, assume that for every neighborhood U of some x ∈ V there exists a point of the net denoted by λ U ∈ U − V . Then λ → x but λ was assumed to be a net in X − V ; contradiction. Therefore there exists some neighborhood U of x with U −V = ∅, whence U ⊆ V so V is a neighborhood of x for every x ∈ V and V is open.
topological spaces is continuous if and only if for every net
λ → x in X, f (λ) → f (x) in Y .
Additional exercises
9. Show that the set of all partitions of a given set X has a natural ordering making it a directed set. In particular, Riemann integrability is given by convergence of a net in R.
10.
A ⊆ X is a neighborhood of x ∈ X if and only if A belongs to every filter converging to x.
11. Let A ⊆ X and set B = {x ∈ X : there is a filter F in X with A ∈ F → x}. For any filter F with B ∈ F → y, we have y ∈ B.
12. Let X be a set and assume that convergence of filters in X is defined so that: (c) the condition of exercise 11 is satisfied. Now define a set N ⊆ X to be a neighborhood of x if and only if the condition of exercise 10 is satisfied. Show that this defines a topology on X.
